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— Basic Notions —

Groups, Fields, Vector Spaces
Subspaces, Spanning Sets, Bases
Direct Sums, Linear Complements
Linear Functions, Isomorphisms
Rank, Kernel, Rank-Nullity Theorem



Groups, Fields & Vector Spaces

Definition (Group)
A group is a set G with a binary operation -: G X G — G s.t.
» Associativity: Ya,b,c € G:(a-b)-c=a-(b-c)

» |dentity element: Fle e GVa e G:a-e=a=¢e-a

1 1

» Inverse element: Vae GAlal e G:a-at=e=a"1 a

The group is abelian/commutative if

a+b=b+a Ya,b € G.



Groups, Fields & Vector Spaces

Definition (Field)

A field is a set K with binary operations +,-: KxK — K s.t.
» (K, +) is an abelian group with identity element 0;
» K, =K\ {0} is an abelian group with identity element 1;

> Vx,y,zeK:
x-(y+z)=x-y+x-z.



Groups, Fields & Vector Spaces

Definition (Vector Space)

A vector space over a field K is a set V with a binary operation
+: VXV — V and a scalar multiplication -: KXV — V s.t.

» (V,+) is an abelian group;
» + and - are compatible in the sense that for all 1,141,415 € K and
v,w €V holds
(i) L-v=w
(II) (/11 +/12) V= (/11 V) + (Ao - V).
(iii) (/11/12) V= /11 . (/12 . V);
(iv) - (vi+v2) =(d-v1) + (4 va);



Subspaces & Spanning Sets

Definition
A linear subspace of a vector space V over K is a subset U C V that is
closed under addition and scalar multiplication:

» 0eU;

» if uy,us € U then uy +uy € U;

» ifueUthend-ueUforall 1 €K

Definition
The span of aset ScVis

N
span(S) = {Z/li-si |NeN,s; €85, EK}.

i=1

If span(8S) =V, then S is a spanning set of V.



Bases of Vector Spaces

Definition
A set B c V\ {0} is called linear independent if for all N € N and
bi,...,bx € B holds:

Ab1+...4Ayby =0 & A1 =...=Any=0.

If B is also a spanning set of V, then B is called a basis of V. The
dimension of V is the cardinality dimg (V) = |B|. In particular, V is finite
dimensional if dimg (V) < oo.



New from Old: Union (U) & Intersection (N)

Proposition
Let V1, Vo be subspaces of V. Then
» V1N Vs is always a subspace of V;
» V1 UV is a linear subspace of V if and only if Vi C Vo or Vo C V4.

Proposition

Let S c V. The span of S is the smallest linear subspace of V containing
S in the sense that

span(S) = ﬂ U.

ScUcV
subspace



New from Old: Sum (+) & Direct Sum (&)

Definition (Direct Sum)

Let V, W be vector spaces over K. The direct sum V& W is the set Vx W
endowed with the

» addition: (vi,w1) + (vo,wa) = (v1 + vo, w1 + wo);
» scalar mult.: A- (u,w) = (v, Aw).

Definition (Sum & Linear Complement)
Let V1, V5 be linear subspaces of V.
» The sum of Vi and V5 is the subspace Vi + V5 = span(V; U V5).

» Vi and Vs are linear complements (in V) if Vi & V4 is isomorphic to V.



Linear Functions

Definition
Let V, W be vector spaces over K.

» A linear function is a function f: V — W such that

fAve +A2ve) = A1 f(v1) + A2f (v2)

for all 11,22 € K and vy,vo € V.

» A linear function is called isomorphism if it admits a linear inverse
fl:W oV, ie, f~lislinear and f~'o f =idy.
In this case we call V and W (linear) isomorphic and write V.~ W.



Proposition

Let B C V be a basis. Every linear map f: V — W is determined by its
action on B, ie., if wp, € W for b € B, then

f(b) = wp

defines f completely.

Proposition

The set Lin(V, W) of linear functions from V to W is a vector space.
If dim(V),dim(W) < oo, then dim(Lin(V, W)) = dim(V) - dim(W).

Proposition
The set GL(V) of isomorphisms V — V is a group.



Basics of Matrices

Definition

An (m,n)-matrix over a field Kisamap A: {1,...,m} x{1,...,n} - K.
We usually write

all a2 N /AT
asy asz ... dgn

A=| . . .= (@ij)mn = (aij)
aAml aAm2 ... Amn

aij
Forie{l,...,m}and j€{l,...,n}is (a1 .. ain) the ith row and( : )

amj

the jth column of A.
The set of all (m, n)-matrices of K is denoted by K",



Basics of Matrices

Definition

» The matrix product -: K™" x K"P — K™P js

k=1

(aij)mn : (bij)np = (Z aikbkj)
mp

» The transpose of a matrix A = (a;;)mn € K™" is AT = (@ij)nm € KW
with dij =daji.



Matrices & Linear Functions

Proposition

» Each A € K"™" defines a linear function L4: K" — K™ via
La(x) =A-v, v e K"

» Forall A e K™" and B € K™? holds Ly o Lg = L.3p.



Matrices & Linear Functions

Proposition
Let B cV, B’ ¢ W be bases with dimV =n and dim W = m.
Then for f € Lin(V,W) and all j € {0,...,n} there are ayj,...,anmj €K
such that
f(bj) = aljb’l +...+ amjb:n.

The matrix representation of f is the matrix [f]g & = (aij)ij-
It satisfies that for v = 2161 + ...+ A,,b,, € K" and
o= L[f]B,Zi’ (A1,...,4,) € K™ holds

FO) = by + .+ bl



Rank-Nullity of Linear Functions

Definition
Let f: V — W be a linear function and A € K",
» The kernel of f is

ker(f) ={veV]| f(v) =0}

If dim(V) < oo, then the nullity of f is dim ker(f).
» The image of f is

im(f) ={f(v) eW|veV}

If dim(V) < oo, then the rank of f is dimim(f).
» We define ker(A) := ker(L4) and im(A) := im(Ly,).



Rank-Nullity of Linear Functions

Theorem (Rank-Nullity)

Let f: V — W be a linear function and A € K"™". Then
> V = ker(f) ®im(f)
» If dim(V) < oo, then dim(V) = dimker(f) + dim im( f)
» n=dimker(L,) + dimim(L4)



The Determinant

Definition
The determinant det: K" — K is

det A = Z sgn(o)aio(1) - - - An(on)-

oeS,

Proposition

Some of the properties of the determinant are:
> VA, B e K™": det(A - B) = det(A) det(B)
> det(A) =0 & A € GL(K;n)

» det is multi-linear, but not linear!



The Determinant: Adjugate Formula

Definition
» Let A € K" The ij-minor matrix AY € K"~1-"~1 is obtained by
deleting the ith row and jth column of A.

» The adjugate adj(A) € K™" of A € K™" is given by
adj(A);; = (=1)"*/ det(M’7).

Proposition
For all A € K" holds

Aadj(A) = adj(A)A = det(A)I,.

In particular, for A € GL(K;n) we have

A= dtl(A) adj(4).



The Determinant: Isomorphisms

Proposition

A map f € Lin(V, W) between finite dimensional vector spaces is an
isomorphism if and only if there exists a representation as a square matrix
[f18y,8w € K™ with det([f]sy,8y) # 0.

Moreover, the value of det([f]g, .8, ) is independent of the choice of
bases By and By .
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— Eigenvalue Problems —

Eigenvalues and Eigenvectors

»

» Characteristic Polynomial

» Criteria for Diagonalizability
>

Jordan Decomposition



Eigenvalues & Eigenvectors

Definition

» An eigenvalue-eigenvector pair of f € Lin(V,V) is are 1 € K and
v e V\ {0} s.t.

f(v) = av.
» The eigenpairs of A € K™" are the eigenpairs of L, € Lin(K", K").

Proposition

The eigenspace Eig(f;1) c V of f for A € K is the vector space of
eigenvectors of f for A. In particular,

Eig(f; 1) = ker(1idy —f).



Characteristic Polynomial

Definition
Let A € K™". The characteristic polynomial of A is

xa(2) :=det(¢l, — A) € K[t].

Proposition

» xa(?) is monic of degree n. In particular,
xa(t) =" —tr(A) +--- + (=1)" det(A).

» A€ Kis an eigenvalue of A if and only if 1 is a root of y(t).



Criteria for Diagonalizability

Definition
A square matrix A € K" is called diagonalizable if there exists
S e GL(K;n) and A4, ...,4, € K such that

A 0
S71AS =

Proposition
Let A € K™,

» A is diagonalizable if and only if K" possesses a basis of eigenvectors
of A.

» If xa(2) has n distinct roots, then A is diagonalizable.



Minimal Polynomial

Definition
Let A € K™". The minimal polynomial ua(t) € K[¢] of A is the monic
polynomial of smallest degree that satisfies ua(A) = 0.

Proposition
Let A € K™".
» The characteristic polynomial y4(¢) is a multiple of ua(z), i.e.,
Jq (1) € K[t] with xa(t) = q(1)pua(t).
» A is diagonalizable if and only if u(t) splits over K and has distinct
roots, i.e.,, Im <n,A; € Kwith A; # 4, st ua(r) = [172,(r = A;).

Corollary

Every projector P € Lin(V,V), dim(V) < oo, is diagonalizable with
eigenvalues in {0, 1}.



Jordan Decomposition

Definition

The n x n Jordan block for 1 € K is Ja p, = e e,

Theorem (Jordan Decomposition)
Let A € K™" and assume that x4 (t) splits over K. Then there is a k € N,
(A;,n;) e CxN and S € GL(K;n) s.t.

Jaym 0
S71AS = )
0 J/lk,/lk



Jordan Decomposition: Some Corollaries

Theorem (Fundamental Theorem of Algebra)

Every polynomial with coefhicients in C splits, i.e., for every p(t) € C|t]
there exist ¢, A1,, 4y, € C with p(t) =c(t— A1) - ... - (t = Ap).
Corollaries

» Every A € C™" possesses a Jordan decomposition.
» For A € C™" holds det(A) = [TX, A’ and tr(A) = Sk i



Jordan Decomposition: Computation

Let A € K™,
(i) Factorize ya(t): find m,n; e N and A; € Ks.t. ya(r) = [172,(t -
(i) Vi: find k; e Ns.it (I, — 1;A)51 £ 0 and (I, - 1;A)% = 0.

(iii) Vi: Compute a linear complement V; of
ker(I, — 1;A)N~1 c ker(I, — 2;A)%.

(iv) Vi: Compute a basis v() . (’) of V.
(v) Construct the S € GL(K; n) W|th column vectors

VIO iy =AY (il = A,

).
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Inner Products
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Isometries, Self-Adjoint maps

Spectral theorem

Singular Value Decomposition



Inner Product Spaces

Definition
An inner product space is a vector space V over K € {R, C} endowed with
an inner product {-,-): V xV — K that satisfies Yu,v,w € V and 1 € K:
> (symmetry) (v,w) = (w,v)
> (linearity) (v + Aw, u) = (v,u) + A(w, u)
» (definiteness) (v,v) >0 if v # 0.

If K=R, Vis also called an Euclidean space, and if K= C, V is an unitary
space.

1

For the rest of Refresher 11l we assume K € {R, C}!

g
-



Inner Product Spaces: Examples

Example

T

The standard inner product on K" =~ K™ is (v, w) = wlv = 3% v;w;.

Example

For M e K" let M" := M* := MT. Then (M,N) = tr(N¥ M) is an inner
product on K",

Example

The L? product on the space of smooth functions [0,1] — C is

1 —_—
(frg) = fo F()g@ dt.



Orthogonality: Definitions

Definition
» v,w €V are orthogonal if (v,w) =0.

» A basis B C V is orthogonal if all pairs v,w € B, v # w, are
orthogonal.

» This basis is orthonormal if moreover 1 = ||v|| := v/{v,v) for all v € B.
» The orthogonal complement of a subspace U C V is

Ut ={veV|{uv)y=0YueU}.



Orthogonality: Basic Properties

Proposition

» The orthogonal complement U~ is always a linear subspace, and
UnU* ={0}.
» All pairs v, w € V satisfy the Cauchy-Schwarz inequality

v, wil < vllliwll.
» If v,w € V are orthogonal, then the Pythagorean theorem holds:

2 2 2
v+ wll® = [Vl + [[wl]”.



Grahm—-Schmidt Procedure

Theorem (Grahm-Schmidt)
Let (V,{:,-)) be a finite dimensional inner product space with basis
{u1,...,un}. We can inductively build an orthonormal basis {q1,...,qn}:

q1 = w1/,

i
g =ui= ) (g qe, = 9ifla.
k=1



Orthogonal Projection

Proposition
Let (V,{:,-)) a finite dimensional inner product space. Every linear
subspace U # {0} possesses an orthonormal basis {g1,...,gm}. The

orthogonal projection onto U is given by
m
Py(v) = Z(V, qi) qi Vv ev.
i=1

It satisfies PZ, = Py, im(Py) = U, and ker(Py) = U*.



Orthogonal Projection: Examples

Exercise

Let A1,..., 4, € RT and D € R™™ be the diagonal matrix with D;; = 4;.
Prove that (v,w)p := w*Dv is an inner product on K™.

Proposition

Let U # {0} be a subspace of K™ with (-, -)p-orthonormal basis
{u1,...,u,}. Then the matrix representation of Py w.r.t. the standard
basis of K" is

| N

w tet

| RASSIES

If {u1,...,u,} is a general basis, this becomes [Py] = A(A*DA)"'A*D.



Orthogonal Projection: Corollaries

Corollary

Let (V,(:,-)) be a finite dimensional inner product space and U C V a
linear subspace. Then V =U @ U+.

Proposition (Distance Minimization)

Let (V,{-,-)) a finite dimensional inner product space and U # {0} a
subspace. For every v € V holds

argmin, ey [|[v — ull = Py (v).



Orthogonal & Unitary Matrices

Definition
» Q € R™" is called orthogonal if QTQ = I,,. The set of orthogonal
matrices is O(n) and the subset of matrices with det(Q) = 1 is SO(n).

» U e C™" is called unitary if U*U = I,,. The set of unitary matrices is
U(n) and the subset of matrices with det(U) =1 is SU(n).

Proposition
» Every orthogonal Q is unitary.

» A matrix K™" is unitary if and only if its columns are orthonormal
w.r.t. the standard inner product on K".

» O(n), SO(n), U(n), and SU(n) are subgroups of GL(n).



QR Decomposition

Theorem (QR Decomposition)

Let A e K™,
» There always exists a unitary matrix Q € U(m) and an upper
triangular matrix R € K"™", i.e., R;; =0 ifi > j, such that A = QR.
» If A has full rank, i.e., rank(A) = min{m, n}, then this QR
decomposition is unique.
» If A has full rank and m > n, then there is Q € K"™" and
R € GL(K;n) such that A = QR and the columns of Q are an

orthonormal basis for im(Q).
This is called the reduced QR decomposition.



Least Squares Approximation

Proposition

Let m > n, A € R™", and b € R™. Denote by Q € R™" and R € GL(K;n)
the reduced QR decomposition of A. Then the least squares approximation
of the linear system “Ax = b" is

argmin, cps ||Ax — b|| = R71Q*b.

Computing an inverse is usually . It should be avoided

if possible. Luckily R is an upper triangle matrix. Thus, we can find x € R" with

Rx =Q"b by



Polynomial Regression

Definition
Let n,m e N and xg < x1 <...<x,. The Vandermonde matrix of these

points is

1 xp xg xg
2 n
Lox x'l 1| ¢ gOm+D).(ne)
1 xm x4 X,
Proposition

The Vandermonde matrix has full rank.



Polynomial Regression

Theorem

Letm>n, xo <X1 <...<Xy, andy € R™1 Fora € R"™! et
Pa(x) =Y aix’. Let Q € R™m*1 and R € GL(R;n + 1) be the reduced
QR decomposition of the Vandermonde matrix of the x;. Then

m

argmin , cgn+1 Z lyi —Pa(xi)|2 = R_IQT}’-
i=0



Isometries

Definition

A linear map f € Lin(V, W) between inner product spaces (V, (-, -)y) and
(W, {-, )w) is an isometry if

(fv), f(ra))w = (vi,vo)v Yvi,ve € V.



Isometries: Properties

Proposition
Let (V, (-, -)v) and (W, (-, -)w) be inner product spaces, and
f € Lin(V,W). The following are equivalent:

» f is an isometry.

> ForallveV:|viyv=1=[f(Mlw =1

» ForallveV: |vlv=IfMlw-

» If {b1,...,b,} is orthonormal in V, then {f(b1),..., f(bn)} in W
orthonormal.



Isometries: Corollaries

Corollary

Every isometry f € Lin(V, W) is injective.

Corollary

Let f € Lin(V,V) be an isometry and 8 = {b1,...,b,} be an orthonormal
basis of V. Then

» Oy:V — K" given by b; — e; is an isometry, where ¢; are the
standard basis vectors of K" which we equip with the standard dot
product.

» The matrix representation [ f]gg of f is unitary, i.e., [f]gg € U(n).
» [ is invertible with [ = [ 155 = [/



The Adjoint Map

Definition
Let f € Lin(V, W) be a map between inner product spaces.
» A map f* € Lin(W,V) is called adjoint to f if

(SO, wiw = v, fT(W))v

forallveVand weW.
» If W=V and f = f* then we call f self-adjoint.



The Adjoint Map: Properties

Proposition
Let f € Lin(V, W).
> f possesses at most one adjoint.
» If f* is the adjoint of f, then f is the adjoint of f*, i.e., (f*)* = f.
» If £ is an isometry and dim(V) = dim(W) < oo, then f~! is the
adjoint of f.



The Adjoint Map: Properties

Proposition
Let f € Lin(V,W).
» If {b1,...,b,} is an orthonormal basis of V, then the adjoint of f is
given by
Frw) =Y w, f(bdwhi  YweW.
i=1

» The matrix representation of the adjoint w.r.t. (finite) orthonormal
bases By and By satisfies [ f*]g,, 8, = [f]’%VBW.

» If dim(V) < oo, f is self-adjoint if and only if [f]g, s, is hermitian,
ie, [flay sy = [f]%vﬁv' If K =R, this implies that [f]g, s, is
symmetric, i.e., [fls, 8, = [f];vgv.



Spectral Theorem

Theorem (Spectral Theorem)

Let V be an inner product space over C with dim(V) < oo, and
f € Lin(V,V). The following are equivalent
> fof'=flof.
» There exists an orthonormal basis of V that only consists of
eigenvectors of f.



Spectral Theorem: Corollaries

Proposition
If f e Lin(V,V) is self-adjoint or an isometry of the finite dimensional

vector space V over C, then V possess an orthonormal basis that only
consists of eigenvectors of f.

Proposition
» For every hermitian matrix A € C™", j.e., A = A", there exists a
diagonal matrix D € R™™ and a unitary matrix U € U(n) such that
A=UDU".
» For every symmetric matrix A € R™", je., A = AT, there exists a

diagonal matrix D € R™™ and an orthogonal matrix Q € O(n) such
that A = QDQ".



Spectral Theorem: Corollaries

Proposition

Let A € K™" be a hermitian matrix with all eigenvalues 1; € R,. Then
(v,w)a = w"Av, v,we K"

is an inner product of K". Moreover, all inner products are of this form.



Spectral Theorem: Corollaries

Proposition
Let A € K™" be hermitian and let 2; > ... > A,, be its eigenvalues.

» There exits U € U(n) such that the kth power A¥ of A is given by

Ak =U U*.
/1k

n

» If 0 < A,, then the square root of A, i.e., the matrix B € C™" with
B? = A, is given by



Singular Value Decomposition

Theorem

Let A € C™", Then there exit U € U(m), V € U(n), and a diagonal matrix
Y € C™" such that

A=UXZV".

If A € R™" we can replace unitary by orthogonal matrices.
The diagonal values o € R, of X are called singular values of A.
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— Normed Vector Spaces —

» Norms on Vector Spaces

» p-Norms, Operator Norm, Matrix Norms



Norms on Vector Spaces

Definition
A normed vector space V is a vector space over K € {R,C} endowed with a
map || - ||: V — R called a norm, which satisfies V u,v € V and 1 € K:

> (A-inequality) [ju + v|| < ||lu]| + ||v]]

» (homogeneity) [[A-v|| = |2] - ||v]|

> (definiteness) ||v]| = 0 with ||v|]| = 0 if and only if v = 0.



Norms on Vector Spaces

Proposition
» If (V,(-,-)) is a inner product space, then ||v]| := v/(v,v) defines a
norm on V.

» Let (W,]||-]|) be a normed vector space and f € Lin(V, W) be
injective. Then [[v||f := || f(v)|lw defines a norm on V.

Example

The space of K<, [x] can be equipped with the norm

||anxn +---t+ax+ aOHOO = ma‘X{|an|9 e |a1|’ |a0|}'



p-Norms

Definition
Let p > 1 be a real number. Then the p-norm on K" is defined as

1
Ixllp = (xalP + -+ g |P) 7P
The co-norm (also maximum norm or supremum norm) is

le”OO = maX{|x1|, L) |xn|}-

The triangle inequality for p-norms, p € [1, o], is also called



p-Norms: Holder's inequality

Theorem (Holder's inequality)
Let p,q € [1,00] such that 1/p +1/q = 1. (By convention /e =0.) Then

n
D beeyil < lxllpllyllg
i=1

for all x,y € K".

Note:
» Holder's inequality can be used to prove the Minkowski inequality.
» For p = ¢ = 1/2 this implies the Cauchy-Schwarz inequality.



Norms & Inner Products

Proposition

Let V be a vector space over R. A norm || - || is induced by a inner product
(), Le., |Ivll = V/{(v,v), if and only if it satisfies the parallelogram identity

llu + vl + Nl = Il = 2l + 2[|v]l.

The inner product can then be reconstructed via the polarization identity
1 2 2
(u,vy = (llw+vII7 = llu=vI7).

Corollary

Under all p-norms, only the 2-norm, i.e., the standard norm, on R" comes
from a inner product.



Equivalence of Norms

Theorem

Let V be finite dimensional. Then all norms of V are equivalent, i.e., if

Il -l and || - ||g are norms on V then there exist positive numbers
C,D € R, such that

Clvlla < Ivlig < DlIv]la

forallv eV.



Operator Norm

Proposition
Let (V,||-|lv) and (W, ] - |lw) be normed vector spaces. Then the space
Lin(V,W) is also a normed space with norm
Ilf ) llw
Il fllv.w =sup =————= sup [lf(W)llw,
veo  Ivllv Ivlv=1

which is called the operator norm.

proposition
The operator norm satisfies for all v € V, f € Lin(V, W) and g € Lin(U, V):
> LS Ollw < L fllv,w lvily,

> I ogllow < Ifllv.w ligllu.v.



Norms for Matrices

Definition
A norm || - || on K™" is a matrix norm if

IABIl < |AIlIBll  VA,B e K™
Example

Interpreting matrices as linear maps and using the operator norm together
with the p-norms, we obtain matrix norms || - ||, = || - || ,,, on K". For
p =2, it is called spectral norm.

Example

We saw that (M, N) = tr(N*M) is an inner product on K™". Its induced
norm || - || is a matrix norm called Frobenius norm.



Spectral & Frobenius norm

Properties

Let A € K™" with singular values oax(A) =01 > ... > oy,
r = dimim(A). Then

> ||A||2 = O'maX(A)v

> l|AllF = \/Zi 07,

> [[Allz < l|AllF



